For N charged particles of equal masses moving in the field of a heavy residual charge, an approximate analytical solution of the many-body time-independent Schrödinger equation is derived at a total energy above the complete fragmentation threshold. All continuum particles are treated on equal footing. The proposed correlated wave function represents, to leading order, an exact solution of the many-body Schrödinger equation in the asymptotic region defined by large interparticle separations. Thus, in this asymptotic region the N-body Coulomb modifications to the plane-wave motion of free particles are rigorously estimated. It is shown that the Kato cusp conditions are satisfied by the derived wave function at all two-body coalescence points. An expression of the normalization of this wave function is also given. To render possible the calculations of scattering amplitudes for transitions leading to a four-body scattering state, an effective-charge method is suggested in which the correlations between the continuum particles are completely subsumed into effective interactions with the residual charge. Analytical expressions for these effective interactions are derived and discussed for physical situations.
I. INTRODUCTION
Many-body Coulomb scattering states arise in various fundamental reactions in atomic and molecular physics. Although the Coulomb interactions governing the motion of charged particles possess a simple analytical dependence, the theoretical treatment of Coulomb scattering states is a challenging task even in the asymptotic region. The main difficulties in the theoretical description of such states arise from the infinite-range behavior of the Coulomb interaction. This is already revealed in the exactly solvable two-body ͑Kepler͒ problem in which case the asymptotic free motion in the relative coordinate is modified by the notorious Coulomb phase. For the three-body system the theoretical treatment is much more involved due to the nonseparability of the manybody Schrödinger equation. Asymptotic states for the threebody problem have been reported at large interparticle separations ͓1-4͔. Only recently ͓5,6͔ have asymptotic threebody scattering states been derived that are valid in the entire asymptotic region defined by large hyperradius. The introduction of coupling between individual two-body subsystems ͑in the form of local relative momenta in Ref. ͓5͔ and local Sommerfeld parameters in the case of Ref. ͓6͔͒ in deriving these asymptotic states underlines the complexity in the theoretical descriptions of Coulomb systems in the continuum. For systems with more than three particles in the continuum only little is known. Employing hyperspherical coordinates in the 3N-configuration space, Peterkop ͓2͔ has derived an estimate of the Coulomb phase modification to an outgoing (3NϪ1)-dimensional spherical free wave of N electrons receding from a massive nucleus. The Coulomb phase modifications to the asymptotic plane-wave motion of the individual N electrons as well as the propagation of such asymptotic scattering states to finite distances have not been given. Due to unpublished work by Redmond, an expression for the Coulomb distortions of the asymptotic plane-wave relative motions in N-body Coulomb scattering systems has been reported in Ref. ͓1͔, however, without derivation.
In this work we derive an approximate analytical expression for the solution of the non-relativistic, time-independent Schrödinger equation of N charged particles moving in the field of a residual ion. The total energy of the system is assumed to be above the complete breakup threshold. The study is restricted to continuum particles with comparable masses and, with respect to these masses, a very heavy mass of the residual charge so that mass-polarization terms can be neglected and the center-of-mass motion can be separated out in a relative-coordinate frame of reference. The wave function is determined by separately solving for the N-independent Coulomb particle motion in the residual ion field and the correlated motion between the continuum particles with disregard of the residual-charge field. These two solutions are then subsequently coupled by an arbitrary function that is determined from the Schrödinger equation of the system. The derived correlated N-body wave function coincides with known expressions ͓4,6-8͔ in the case of threebody system and, for a two-body system, with the exact twobody Coulomb wave function. It is shown that the proposed wave function constitutes an exact solution of the manybody problem in the asymptotic region of large interparticle distances. In this region the asymptotic expression of the derived wave function tends to the asymptotic form suggested in Ref. ͓1͔, hence providing the proof for this suggestion. In addition, the normalization of the proposed wave function is derived by requiring that the total flux, generated by the wave function derived here, through a large multidimensional manifold defined by large, but constant, interparticle separations should be the same as the flux due to normalized N plane waves of the receding particles.
The inclusion of the correlations between the continuum particles presents an obstacle in actual calculations of scattering amplitudes using the derived wave function since in this case a 3N-dimensional integral has to be evaluated. The reactions for which such Coulomb scattering amplitudes are currently needed are the double ionization of atomic systems upon charged particle impact and the electron-impact single ionization of atomic inner shells followed by an Auger decay ͓9͔. Both of these processes lead to a four-body Coulomb continuum states in the final channel. Measurements of such reactions have already been performed ͓10-14,16,15͔. In light of the absence of theoretical descriptions under situations where the four-body problem cannot be reduced to three-body one using the Born approximation, it appears timely to investigate methods of simplifying the proposed wave function such that reaction cross sections can be calculated. In a method proposed in Ref. ͓17͔ the correlations between the continuum particles are taken into account as an effective interaction between the continuum particles and the nucleus. However, as shown below, the effective product charges given by the method of Ref. ͓17͔ exhibit some undesirable features. Therefore, maintaining the philosophy of effective charges, an alternative set of effective product charges is derived by requiring that the many-body wave function constructed by this method should analytically match the known solution of the many-body Schrödinger equation in some limiting cases. The derived product charges are then well behaved. Properties of the proposed effective product charges are discussed in the case of positron-impact double ionization of He( 1 S e ) . Using the method developed in this work, pilot calculations for the multiple differential cross sections of the electron-and positron-impact double ionization of He( 1 S e ) have already been reported ͓18͔. The plan of the paper is as follows. In Sec. II, after formulating the theoretical framework, the correlated manybody wave function is derived and the asymptotic behavior of the Schrödinger equation is investigated. In Sec. III the proposed wave function is shown to satisfy the Kato cups conditions ͓19͔ at all N(NϪ1)/2 two-body collision points. Section IV deals with the normalization of the derived wave function, whereas in Sec. V the method is applied to the four-body Coulomb continuum problem. To render possible the calculations of scattering amplitudes, the proposed wave functions is simplified using a method based on the effectiveproduct-charge method. Conclusions are drawn in Sec. VI. Atomic units are used throughout.
II. FORMULATION OF THE PROBLEM AND ASYMPTOTIC SCATTERING STATES
We consider N charged particles of equal masses m and with charges Z j , j͓1,N͔ moving in the field of a residual charge Z. The mass M of the charge Z is assumed to be much larger than m (M ӷm). In this work only continuum states are considered, i.e., the total energy E of the system is larger than the complete fragmentation-threshold energy. Neglecting terms of the orders m/M , the center-of-mass system and the laboratory frame of reference can be chosen to be identical. The nonrelativistic time-independent Schrödinger equation of the N-body system can then be formulated in the relative-coordinate representation as
where r j is the position of particle j with respect to the residual charge Z and r i j :ϭr i Ϫr j denotes the relative coordinate between particles i and j. The kinetic-energy operator H 0 has the form ͑in the limit m/M →0)
, where ⌬ L is the Laplacian with respect to the coordinate r L . We note here that for a system of general masses the problem is complicated by an additional mass-polarization term that arises in Eq. ͑1͒. Upon introduction of N-body Jacobi coordinates, H 0 becomes diagonal; however, the potential terms acquire a much more complex form. Assuming the continuum particles to escape with relative asymptotic momenta k j ͑with respect to the charge Z), it has been suggested in Ref. 
where the functions j (r j ), j (r j ), i j (r i j ) are defined as
The ϩ and Ϫ signs refer to outgoing and incoming boundary conditions, respectively, and k i j is the momentum conjugate to r i j , i.e., k i j :ϭ(k i Ϫk j )/2. The Sommerfeld parameters ␣ j ,␣ i j are given by
In Eq. ͑6͒ v j denotes the velocity of particle j relative to the residual charge, whereas v i j :ϭv i Ϫv j . In this work we restrict the considerations to outgoing-wave boundary conditions. The treatment of incoming-wave boundary conditions runs along the same lines. The total energy of the system E is given by
To derive asymptotic scattering states in the limit of large interparticle separations and their propagations to finite distances we assume for ⌿(r 1 , . . . ,r N ) the ansatz 
Since we are interested in scattering solutions with outgoingwave boundary conditions that describe N particles escaping with asymptotic momenta k j , j͓1,N͔, it is appropriate to factor out the plane-wave part and write for ⌽ I
Upon substitution of the ansatz ͑10͒ into Eq. ͑9͒ it is readily concluded that Eq. ͑9͒ is completely separable and the regular solution ⌽ I can be written in closed form
where j (r j ) is a confluent-hypergeometric function in the notation of Ref.
The function ⌽ I describes the motion of the continuum particles in the extreme case of very strong coupling to the residual ion, i.e., ͉ZZ j ͉ӷ͉Z j Z i ͉᭙i, j͓1,N͔. In order to incorporate the other extreme case of strong correlations among the continuum particles (͉Z j Z i ͉ӷ͉ZZ j ͉᭙i, j͓1,N͔) we choose ⌽ II to possess the form
with
N l (r l ) solves for the Schrödinger equation ͑1͒ in the case of extreme correlations between particle i and particle j, i.e., ͉ZZ l ͉Ӷ͉Z i Z j ͉ӷ͉Z m Z n ͉᭙l,m,n i, j. In terms of differential equations this means
It should be stressed, however, that the function ͑13͒ does not solve for Eq. ͑1͒ in the case of weak coupling to the residual ion (Z→0), but otherwise comparable strength of correlations between the continuum particles. This is due to the fact that two-body subsystems formed by the continuum particles are coupled to each other. To derive an expression for this coupling term we note first that
where the differential operator A m has the form
To obtain the differential operator that couples the two-body subsystems in the absence of the charge Z we neglect in Eq. ͑1͒ the interactions between the residual charge and the continuum particles (Zϭ0) and substitute the function ͑13͒ into Eq. ͑1͒. Making use of the relation ͑16͒ it is straightforward, however cumbersome, to show that the coupling term that prevents separability has the form
Equations ͑17͒ and ͑18͒ warrant comment. The term A m is a mixing operator. It couples an individual two-body subsystem formed by two continuum particles to all other twobody subsystems formed by the continuum particles in the absence of the residual ion. Hence it is clear that all the terms in the sum ͑17͒ vanish for the case of the three-body system since in this case only one two-body system exists in the field of the residual charge. The second remark concerns the structure of A m and hence A. From Eq. ͑16͒ it is evident that the remainder term ͑17͒ is part of the kinetic-energy operator. Thus it is expected that, under certain circumstances, this term has a finite range, which indicates that asymptotic separability, in the sense specified below, exists for many-body continuum Coulomb systems. In fact, as the functional form of i j (r i j ) is known, the term A can be calculated explicitly, which will be done below. Now with ⌽ I and ⌽ II determined, the exact wave function ͑8͒ is given by the expression (r 1 , . . . ,r N ). Upon substitution of the expressions ͑13͒ and ͑11͒ into the ansatz ͑8͒ and inserting in the Schrödinger equation ͑1͒, a differential equation for the determination of (r 1 , . . . ,r N ) is derived
From the derivation of the functions ⌽ I and ⌽ II ͓Eqs. ͑9͒ and ͑13͔͒ it is clear that all long-range two-body Coulomb interactions have already been diagonalized by ⌽ I and ⌽ II because the total potential is exactly treated by these wave functions. Hence the function , to be determined here, contains information on many-body couplings, which are, under certain conditions ͑see below͒, of finite range. To explicitly show that, and due to flux arguments we write the function in the form
where f (r 1 , . . . ,r N ) is a function of an arbitrary structure. Inserting the form ͑20͒ into Eq. ͑19͒ we arrive, after much differential analysis, at the inhomogeneous differential equation
where the inhomogeneous term R is given by
͑22͒
It is the inhomogeneous term R that contains the coupling between all individual two-particle subsystems. For example, the first term in Eq. ͑22͒ describes the coupling of a twobody subsystems formed by particles i and j to all two-body subsystems formed by the individual continuum particles and the residual ion. The second term originates from Eq. ͑18͒ and, as explained above, is a measure for the coupling among two-body subsystems of the continuum particles ͑in the absence of Z). To these couplings to be negligible the norm of the term R must be small. To get some insight into the functional form of R, given by Eq. ͑22͒, we note that
where
͑24͒
In addition, we remark that
͑26͒
Thus the behavior of the coupling term R is controlled by the generalized functions F i j (r i j ),F l (r l ) since Eq. ͑22͒ can be written in the form
͑27͒
The simplest approximation is to neglect the term R altogether. In this case the function f ϭ0 solves for Eq. ͑21͒. Then the solution of Eq. ͑1͒ takes on the approximate form
Thus the justification of the approximation ͑28͒ reduces to the validity of neglecting the inhomogeneous term ͑27͒. One region in which this term can be disregarded is the asymptotic region of large interparticle separations. This is immediately deduced from the asymptotic behavior of the generalized functions F i j (r i j ),F l (r l ), which dictate the asymptotic properties of R, as readily concluded from Eq. ͑27͒. From the asymptotic expansion of the hypergeometric functions ͓20͔ we infer that
An asymptotic relation similar to Eq. ͑29͒ holds for F l (r l ). It should be noted that the functions F i j (r i j ),F l (r l ) have to be considered in a distributive ͑operator͒ sense, which means that, asymptotically, only terms of F i j ,F l that fall off faster than the Coulomb potentials can be disregarded. Since R is essentially a sum of products of F i j ,F l , the expression R is of finite range, in the sense that it diminishes faster than the Coulomb potential in the asymptotic regime, only in the case where all particles are far apart from each other, i.e.,
Therefore, in the limit ͑30͒, the term R can be asymptotically neglected and the approximation ͑28͒ is justified. In fact, it is straightforward to show that the wave function ͑28͒ tends to the asymptotic form ͑2͒ in the limit of large interparticle separations, which proves the assumption made in Ref.
͓1͔. However, if two particles are close together, regardless of whether all other particles are well separated, the coupling term is of infinite range, as seen from Eqs. ͑29͒ and ͑27͒. In this case the relation ͑30͒ does not hold. Consequently, the wave function ͑28͒ is not an exact asymptotic eigenfunction of the total Hamiltonian in this limit. It is important to note that the limit Eq. ͑30͒ is energy dependent.
With increasing momenta of the escaping particles the asymptotic region, i.e., the limit Eq. ͑30͒, is reached faster. In other words, at a certain interparticle separations, the remainder term R, which has been neglected to arrive at the approximate form ͑28͒, diminishes with increasing velocities of the emerging particles. In this sense the approximation leading to the wave function ͑28͒ is a high-energy approximation.
III. TWO-BODY CUSP CONDITIONS
In the preceding section it has been shown that the approximation ͑28͒ is, to leading order, exact for large particles' separation. In addition, it is concluded below that this function exhibits a behavior compatible with Eq. ͑1͒ at all two-body coalescence points r i j →0,r l →0, with jϾi,l ͓1,N͔. To guarantee regular behavior of the wave function at these collision points, at which the corresponding Coulomb two-body potential is divergent, the solution ⌿(r 1 , . . . ,r N ) of Eq. ͑1͒ must satisfy the Kato cusp conditions ͓19,21͔ ͑provided the solution does not vanish at these points͒. At a collision point r i →0 these conditions are
ϭk i ␣ i ⌿͑r 1 , . . . ,r i ϭ0, . . . ,r N ͒ ᭙͑r i /r j ͒→0,͑ r i /r lm ͒→0; mϾl, i j͓1,N͔ .
͑31͒
The quantity ⌿ (r 1 , . . . ,r N ) is the wave function ⌿(r 1 , . . . ,r N ) averaged over a sphere of small radius r ␦ Ӷ1 around the singularity r i ϭ0. A relation similar to Eq. ͑31͒ holds in the case of the coalescence points r i j →0. To prove that the wave function ͑28͒ satisfies the conditions ͑31͒ we linearize ⌿(r 1 , . . . ,r N ) around r i ϭ0 and average over a sphere of small radius r ␦ Ӷ1 to arrive at 
In deriving Eq. ͑34͒ we made use of the fact that in the limit (r i /r i j →0) the distance r i j tends to r j . The proof that the wave function ͑28͒ fulfills the cusp conditions at the collision points of two continuum particles (r ji →0) runs along the same lines. Finally, we remark that the wave function ͑28͒ is not compatible with the expansion of the exact solution of the Schrödinger equation ͑1͒ at the three-body collision points ͑e.g., r i →0 and r j →0,j i) since in this case the exact wave function is known to satisfy a Fock expansion ͓22͔ in the coordinate :ϭͱ(r i 2 ϩr j 2 ), which contains, in addition to powers in , logarithmic terms in , whereas the wave function ͑28͒ possesses a regular power-series expansion around r i →0 and r j →0.
IV. NORMALIZATION
The knowledge of the normalization factor N of the wave function ͑28͒ is imperative for the evaluation of scattering amplitudes using the wave function ͑28͒ as a representation of scattering states. In principle, N is derived from a 3N-dimensional integral over the norm of the function ͑28͒ which, for large N, is an inaccessible task. Thus, for the determination of N we resort to the requirement that the flux through an asymptotic manifold defined by a constant large interparticle separations should be the same in the case of the wave function ͑28͒ and a normalized plane-wave representation of the scattering state, i.e.,
where the plane-wave flux is given by
In Eq. ͑36͒ the total gradient ":ϭ ͚ lϭ1 N " l has been introduced. To evaluate the flux generated by the wave function ͑28͒ we note that, by taking advantage of Eqs. ͑23͒ and ͑25͒, we can write for the total gradient of the wave function ͑28͒
where F mn is given by F mn mn . The decisive point now is that since we are considering the flux at large interparticle distances only the first term of Eq. ͑37͒ is relevant. This is readily deduced from Eqs. ͑24͒ and ͑26͒ which state that all other terms in Eq. ͑37͒, except for the first term, can be neglected asymptotically. Note, in this context, that terms in the wave function that are asymptotically of the order O(1/r j ,1/r lm ) correspond to parts of the Hamiltonian falling off faster than the Coulomb potentials and hence can be disregarded in the asymptotic regime. Now making use of the asymptotic expansion of the confluent hypergeometric function ͓20͔ and taking leading order in the interparticle distances, the flux J ⌿ can be deduced
where ⌫(x) is the Gamma function. From Eqs. ͑35͒, ͑36͒, and ͑38͒ it follows that
For two charged particles moving in the field of a heavy nucleus the wave function ͑28͒ with the normalization, given by Eq. ͑39͒, simplifies to the three-body wave function proposed in Refs. ͓4,7͔.
V. APPLICATION TO THE FOUR-BODY COULOMB CONTINUUM PROBLEM
Apart from the Rutherford scattering, the simplest application of the theory presented in the previous sections is the description of three-body Coulomb continuum states that are, for example, achieved as final states of electron-impact ionization and doublephoto ionization of atomic and molecular systems. In this case the wave function ͑28͒ simplifies to the three-body wave function proposed in Refs. ͓4,7͔ and extensively used by various authors. The second step in complexity is the description of the four-body scattering states. These states arise in the final channel of various reactions such as the double ionization of atomic systems by electron and positron impact as well as the triplephoto ionization. Experimentally there has been an increased interest in such reactions due to recent advances in coincidence-detection techniques ͓10-13͔. The measurement of fully differential cross sections of reactions leading to four-body Coulomb continuum states was reported in Refs. ͓10,11͔. In this study argon and krypton targets have been double ionized by a fast projectile electron under conditions where little momentum is being transferred to the target atoms. To describe the final state, the standard theoretical treatment ͓23-30͔ has been to reduce the four-body Coulomb continuum problem to a three-body problem by employing a first-order Born-type approximation ͑FBA͒ in the projectile-target potential, which is justified for the conditions under which the experiment has been performed. Recently, measurements for electron-impact double ionization have been performed at intermediate incident energies using the cold-target recoil-ion momentum spectroscopy ͓12,14͔. In this case the FBA model is inappropriate. The last statement was also inferred from recent measurements ͓15͔ of the cross section for the double ionization of magnesium by electron impact at moderate incident energy. In view of these recent experiments and the absence of adequate theoretical models it appears timely to consider the applicability of the theory developed in the previous sections for the case of the four-body problem.
A. Product charges according to Jetzke and Faisal
For N continuum particles the wave function ͑28͒ describes N(NϪ1)/2 two-body Coulomb subsystems. The coupling between these two-body subsystems through the relative coordinates presents a serious problem for the calculations of scattering amplitudes. To overcome these difficulties further simplifications are needed. In Ref. ͓17͔ a procedure has been proposed in which the correlations between the continuum particles are completely subsumed in an effective interactions of each continuum particle with the nucleus. This is achieved by rewriting the total Coulomb potential in the form
where the local product charges Z i JF are given by
The position dependence of the product charges Z i JF is then converted into a velocity dependence by making use of the asymptotic approximation r i ϭv i t, where t is the time. This approximation is valid at large interparticle separations in which case Eq. ͑41͒ reduces to
.
͑42͒
Upon substitution of Eq. ͑42͒ in Eq. ͑40͒, the differential equation ͑1͒ becomes completely separable. The solution is obtained from the function ͑28͒ in the special case ␣ j ϭZ j JF /v j and ␣ i j ϵ0. When two continuum particles i, j approach each other in momentum space (k i j →0) the effective charges, given by Eq. ͑41͒, diverge so as to simulate attractive ͑if Z i Z j Ͻ0) or repulsive ͑if Z i Z j Ͼ0) interaction between these particles. However, since these product charges contain scalar products between the velocity vectors of the escaping particles they exhibit unphysical behavior in the limit v i ʈv j , v i →v j Ϯ␦,1ӷ␦Ͼ0. This is clearly illustrated in Fig. 1 , where we envisage the case of two electrons and one positron moving in the triple continuum of a residual charge Zϭ2. This is the final state achieved by positronimpact double ionization of He. We focus on the case in which one electron and the positron emerge in the same direction. When this electron approaches the positron ͑in momentum space͒ the positron-nucleus interaction ͑product charge͒ becomes strongly attractive in order to simulate the attractive electron-positron interaction. However, as the electron passes the positron the positron-nucleus interaction ͑product charge͒ varies rapidly from an attractive to a repulsive interaction. In other words, at the removable singularities v i j ϭ0 of the product charges ͑42͒ the functions
This behavior is quite unphysical and must be considered as a result of the way in which these product charges are constructed. We remark in passing that the same behavior of these product charges also arise for different charge states of the continuum particles as well as for a different number of these particles, in particular for a three-body system.
B. Product charges for the four-body Coulomb system in the continuum
In order to construct product charges Z j , j͓1,3͔, for a four-body system, that do not exhibit the unphysical behavior shown in Fig. 1 , we maintain the philosophy of completely subsuming the correlations between the continuum particles into an effective interaction of these particles with the nucleus. In other words, the wave function ͑28͒ is written in the form
where j (r j )ϭ j (r j )͉ ␣ j ϭ␣ j and NϭN͉ ␣ j ϭ␣ j , where ␣ j (r 1 , . . . ,r N )ϭZ j (r 1 , . . . ,r N )/v j . The local product charges Z j (r 1 , . . . ,r N ) are then determined by requiring that the solution ͑43͒ should match the known solutions of the Schrödinger equation ͑1͒ in some limiting cases. In what follows we investigate these limiting cases of the four-body Schrödinger equation. However, for brevity, only the structure of Eq. ͑1͒ is discussed. The corresponding wave functions in these cases are easily deduced.
͑a͒ Since all particles appear in the Schrödinger equation ͑1͒ in a symmetrical way all three continuum particles must be treated on equal footing, which results in the relations
͑b͒ When two particles i, j approach each other (r i j →0,r i j /r k →0) their mutual interaction increases as Z i Z j /r i j and dominates the other interactions appearing in Eq. ͑1͒. Hence the interactions of particle i and particle j with the nucleus must change in a way that simulates their mutual Coulomb interaction regardless of the direction in which particle i is approached by particle j. The interaction of the remaining continuum particles with the nucleus must remain finite, i.e.,
where C is a positive real number. Condition ͑45͒ is violated by the product charges, given by Eq. ͑41͒. ͑c͒ If one particle is moving in the vicinity of the nucleus it experiences the full nuclear charge. Assuming the remaining two continuum particles to be far away from the nucleus, their interaction with the nucleus must remain finite,
Case where one positron and two electrons are moving in a nuclear field of a charge Zϭ2. The velocity vectors of all particles lie in the same plane. One electron, particle 2, and the positron, particle 1, are assumed to escape in the same direction with the positron having a fixed velocity v 1 ϭ1 a.u. The remaining electron, particle 3, is ejected in a direction perpendicular to v 1 , i.e., v 1 •v 3 ϭ0, with a fixed velocity v 3 ϭ1 a.u. The positron-nucleus product charge Z 1 eff , determined according to Eq. ͑42͒, is studied as function of v 2 .
͑d͒ In order to treat the total potential V in an exact manner, V, and hence the Schrödinger equation ͑1͒, must be invariant under the local product charges Z j ,
͑e͒ From the Schrödinger equation ͑1͒ it is readily concluded that if one particle, say particle l, is far away from the remaining three particles, this particle (l) experiences a net charge of ZϩZ i ϩZ j , i.e., lim
In addition, if in the three-body system, formed by the nucleus, particle i, and particle j, particle i approaches the nucleus, particle j experiences a net nuclear charge of ZϩZ i , as immediately concluded from Eq. ͑1͒. Mathematically this condition can be formulated as
͑f͒ It is established that for three electrons moving in the field of a residual positive charge Z the gradient of the total potential vanishes when the three electrons recede equidistant from the nucleus forming an equilateral triangle with the nucleus residing in the center of this triangle ͓31͔. In this case the force exerted on the three electrons by the nucleus vanishes and the interelectronic correlations are minimized. The Schrödinger equation ͑1͒ reduces in this configuration to
The eigenfunction of Eq. ͑50͒ can be given in closed form. To account for this Wannier-type configuration ͓32͔, which is known to dominate the escape dynamics at lower excess energies E, we impose on the local charges Z j , j͓1,3͔, in the case of three continuum electrons, the relations
We note that all the conditions listed above are directly deduced from the Schrödinger equation ͑1͒ in the respective ͑dipole͒ limits. To incorporate the above relations into local product charges Z j , which are analytical functions in the whole configuration space, except for the poles given by Eq. ͑45͒, we define effective two-body potential V j ϭZ j /r j and introduce the linear transformation
where V i ϭZZ i /r i and V i j ϭZ i Z j /r i j are the physical twobody potentials. Equivalent transformations of the charges Z j ϭV j r j immediately derive from Eq. ͑52͒. To determine the product charges Z j the 6ϫ3-matrix A with elements a i j has to be derived. The conservation of the total potential ͓condition d͔ requires
It is straightforward to verify that all the conditions ͑44͒-͑51͒ are satisfied by the functions ͑64͒-͑66͒. For practical applications the position dependence of the effective charges ͑64͒-͑66͒ has to be converted into velocity dependence by applying the asymptotic approximation r j ϭv j t. Using this method, pilot calculations of the fully differential cross sections for the electron-and positron-impact double ionization of He( 1 S e ) have been reported ͓18͔. A more extensive study of these reactions is in preparation ͓33͔. For the case of positron impact the positron-nucleus product charge Z 1 is depicted in Fig. 2͑a͒ , whereas Fig. 2͑b͒ shows the electronnucleus product charge in a typical scattering geometry where all momenta of the outgoing particles lie in the same plane. From Figs. 2͑a͒ and 2͑b͒ it is evident that when one of the electrons approaches the positron in velocity space the interaction of this electron with the nucleus and the positronnucleus interaction become strongly attractive, which simulate the capture of the respective electron to the continuum of the positron. With diminishing interelectronic velocity the electron-nucleus interactions become strongly repulsive ͓see Fig. 2͑b͔͒ as to signify the repulsive electron-electron finalstate interaction.
Three final remarks concerning the use of effective charges are due here. As our conditions ͑44͒-͑51͒, which have been used to determine the product charges Z j , are limits, there will naturally be other functional forms of local product charges that smoothly connect between these limits. The procedure used here is based on the transformation ͑52͒, which is motivated by physical arguments rather than by strict mathematical reasoning. A different procedure might well lead to different product charges Z j . Thus the benchmark for such approximate methods is that the derived effective product charges must be compatible with the physical picture of the dynamics of many-body continuum Coulomb states.
The second remark concerns the Kato cusp conditions at the collision point of two continuum particles. All effectivecharge methods yield many-body wave functions of the form given by Eq. ͑43͒. Since ‫ץ‬⌿ eff /‫ץ‬r i j ϭ0 such wave functions do not satisfy the Kato cups condition at the coalescence point of two continuum particles, as immediately concluded from Eq. ͑31͒.
The final remark concerns the applicability of this method for calculating scattering amplitudes. The basic idea of this work is to propagate ͑approximate͒ asymptotic solutions of the many-body Schrödinger equation to finite distances. The region around the origin where the reaction takes place, however, is not covered by this procedure. Therefore, the success or failure of employing this method to calculate reaction cross sections will decisively depend on how the process under consideration is treated at shorter distances around the origin. For example, in Refs. ͓34,35͔ the one-photon double ionization of helium has been considered. In both cases the wave function of the two electrons in the continuum of He 2ϩ was taken, at large distances, in the form of Eq. ͑43͒. However, due to different treatments of the reaction around the origin, the cross section presented in Ref. ͓34͔ is in very good agreement with experimental finding, whereas the method used in Ref. ͓35͔ yielded quite disappointing results.
VI. CONCLUSION
In this work a many-body correlated scattering Coulomb wave function has been derived for N charged particles of equal masses moving in the N continuum of a massive residual charge. It has been shown that the derived wave function solves, to leading order, for the many-body Schrödinger equation in the asymptotic regime defined by large interparticle distances, which provides an expression for the asymptotic many-body Coulomb scattering states. It has been verified that the Kato cusp conditions at all two-body collision points are fulfilled by the derived wave function. In addition, FIG . 2. For a four-body Coulomb system consisting of two electrons and one positron in the field of a residual charge Zϭ2, the effective charges, given by Eqs. ͑64͒ and ͑65͒, are depicted for the case where all particles escape in the same plane with velocities v 1 ϭv 2 ϭ1 a.u. and v 3 ϭ1.2 a.u. The positron is taken to be particle 1. All angles are measured with respect to the direction v 1 . ͑a͒ shows the angular dependence of the positron-nucleus effective product charge Z 1 , whereas in ͑b͒ the product charge of electron 1 with the nucleus (Z 2 ) is investigated. the normalization of the proposed wave function has been deduced. The developed scattering states have been considered in the case of the four-body continuum Coulomb system. A method based on the effective-product-charge strategy has been suggested to simplify the proposed wave function so as to make feasible the calculations of reaction cross sections.
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